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The synthes is  is cons idered  of the op t imum inhomogeneous absorb ing  layer  of given thickness  
under the incidence of a plane po lychromat ic  wave with a known frequency spec t rum.  The syn-  
thes is  is t r ea t ed  as a p rob l em  in op t imum control .  The control  is approx imated  as a s tep func- 
t ion and the p rob l em  is reduced  to minimizing a function of many va r iab les .  Equations a re  ob- 
ta ined for the exact  calculat ion of the gradient  in the goodness c r i t e r ion ;  this gradient  is r e -  
quired in set t ing up the a lgor i thm for finding the op t imum solution. The pr incipal  and adjoint 
va r i ab l e s  and a lso  the Hamil tonian a r e  wri t ten  in complex  f o r m  and this g rea t ly  s impl i f ies  the 
in te rmedia te  t r a n s f o r m a t i o n s .  The op t imum solution is sought by using the method of adjoint 
gradients  [1, 2] with cons t ra in ts  p laced on the control .  To i l lus t ra te  the p rob lem,  r e su l t s  a r e  
given of computer  calculat ions of an op t imum control .  

1. S t a t e m e n t  o f  t h e  P r o b l e m  

Suppose that a plane po lychromat i c  wave of known f requency s p e c t r u m  nj = f i l l  1 ( f  ~ is the lowest f r e -  
quency in the s p e c t r u m ; f 2  , f3 t  .. . .  f s  a r e  the r ema in ing  f requencies)  is incident no rma l ly  on an inhomogeneous 
absorb ing  layer  which is s epa ra t ed  f r o m  a homogeneous ha l f - space  by a boundary which is cha rac t e r i zed  by an 
a r b i t r a r y  complex admit tance .  

The s y s t e m  of di f ferent ia l  equations for the d imens ion less  input admi t tances  Gj of an inhomogeneous 
l ayer  has the fo rm [3] 

dGi/d'~ = --  i• i (no --  G~), j : 1 . . . . .  s; n~ : 1 ~ (t + ill)Q (~), (1.1) 

where  Gj is the input admit tance  of the layer  r e l a t ive  to the c h a r a c t e r i s t i c  admit tance ( 1 / p  0c0) of the medium 
f rom which the wave is coming; p 0, co a r e  the densi ty  of the med ium and the veloci ty  of a longitudinal wave in 
the medium;  n0=c0/c(l"),  c(T) is the veloci ty  in the inhomogeneous absorb ing  layer ;  T = ( 2 ~ r f l / e o ) x  is the r e -  
duced th ickness  of the layer  bounded by the planes x = 0  and x = l  ; x is the coordinate;  77 is a given posi t ive 
constant;  Q(~) is a nonnegative function which sa t i s f i e s  the condition 

() ~< Q(T) <~ M. (1.2) 

In accordance  with the t e rmino logy  used in opt imal  control  theory  we henceforward  r e f e r  to Q(T) as the 
control  function. 

We take the values  of the input admi t tances  on the boundary T = 0 to be 

Gj(O) = po + iq~, i = 1 . . . .  , s. (1.3) 

The re f lec t ion  coefficient  of  a monochromat i c  sound wave depends on the f requency and is de termined by 
the value of the d imens ion less  input admit tance  Gj =pj +iqj; on the boundary  T = ~"l [4] 

Ib = ( o ? -  + . . . . .  
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For a po lychromat i c  wave we can c h a r a c t e r i z e  the re f lec t ion  by means  of the energy  coefficient  

7 = ~ejlPjl +-= - ,  , : ~=1 (p~" -~ t I"" -~- I qtl') 2 ' (1.4) 

where  ej is the energy  s p e c t r u m  of the wave and pj and qj a r e  the r e a l  and imag ina ry  pa r t s  of the acoust ic  
admi t tance  Gj. 

Thus the p rob l em  of op t imum syn thes i s  cons i s t s  in finding the control  function Q(T) which sa t i s f i es  con-  
dition (1.2) and the min imiz ing  functional (1.4). 

2 .  T h e  C o n s t r u c t i o n  o f  a n  A p p r o x i m a t e  M o d e l  

o f  t h e  O p t i m u m  S y n t h e s i s  P r o b l e m  

As was sugges ted  in ][5] we make  use of the aux i l i a ry  complex  f o r m  for wri t ing the adjoint va r i ab l e s  
* j 

(Lagrange functions) ~.j =~ .~- iXq .  We can wri te  in the s a m e  f o r m  the Hamiltonian 

H z  = ~ ' J  ~ = - -  + z+'a~ + + i q ) Q ( ' O - - G + I  (2.1) z_~ 
j=l j ~ l  

whose r ea l  pa r t  is used to cons t ruc t  the :Pontryagin m a x i m u m  pr inciple  in the theory  of op t imum s y s t e m s .  
Since the Hamil tonian (2.1) depends l inear ly  on the control  Q(v),  we can a s sume  in accordance  with this p r i n -  
ciple that  the op t imum cont ro ls  a r e  to be found among p iecewise -cons tan t  functions and can take only ex-  
t r e m a l  va lues ;  i .e . ,  the op t imum inhomogeneous absorb ing  l ayer  can consis t  of a l te rna t ing  homogeneous con- 
t r o l s  with zero  and m a x i m u m  values .  The number  of homogeneous l aye r s  which make up the op t imum inhomo- 
geneous l ayer  is de te rmined  by the number  of z e ro s  in the switching function 

K = R e ~ = - - R e  l + i q )  z;~j . 

For  pos i t ive  values  of the switching function the control  is equal to ze ro ,  and for negative values it is a max i -  
mum.  The op t imum synthes is  p rob lem t h e r e f o r e  r educes  to finding the ze ros  of the switching function and 
this involves solving a two-point  boundary -va lue  p rob l em.  

It is ,  however ,  poss ib le  to approach the p rob l em in another  way, s t a r t ing  f rom an approx imate  model.  
We a s sume  that  the inhomogeneous absorb ing  l ayer  cons is t s  of n homogeneous l aye r s  of equal th ickness ,  for 
each of which the control  function is constant  and equal to Qk (k = 1 . . . .  , n), 0-< Qk ~ M. The different ia l  equations 
f o r t h e i n p u t  admi t t ances  (1.1) for  each of the l aye r s  can now be integrated:  

h , i6~ tg~ 
G~ (h  - -  0) = c j  ( ~  0) - -  

I - -  iC~ (§ 5~-ltg r (2.2) 

/+ = Tz/n. ~;~ = hz~r  5k : :  V I + Q,, + inQ~. 
k = l  . . . . .  n. j = l  . . . . .  s. 

Since the acoust ic  admit tance  changes discontinuously through the boundary behveen the two media ,  i .e. ,  

G~ + '  ( +  0) = e ~  (h - -  0) ,  

the s y s t e m  (2.2) can be wri t ten  in the r e c u r r e n t  fo rm 

G 1 (k) a t (k. -- t) -- i6 h tg r (2.3) 
l - - iG 1 (k--t) 5~-ltg ~" 

h = Tt/n. ~'~ = h• 5a = l : l  § Qk § iqQl:. 

k = t . . . . .  n, j = t . . . . .  s. 
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and when the control  vec to r  { Qk} and the init ial  condi t ions  (1.3) a r e  .known we can uniquely de t e rmine  the 
value of  the admi t t ance  Gj(/) = Gj (n) on the boundary  with the ex te rna l  med ium and thus ca lcula te  the re f l ec t ion  
coef f ic ien t  (1.4). 

Thus ,  the r e f l ec t ion  coef f ic ien t  of  a F o l y c h r o m a t i c  wave is a unique function of the n va r i ab le s  Qk(k = 
1, . . . ,  n) which sa t i s fy  condi t ion (1.2), and the p r o b l e m  of opt imal  cont ro l  r e d u c e s  to the min imiza t ion  of a func- 
t ion of  many v a r i a b l e s .  

We might  expect  f r o m  phys ica l  c ons i de r a t i ons  tha t  the app rox ima te  model  of an op t imum inhomogeneous  
a b s o r b i n g  l aye r  will  be suf f ic ient ly  a c c u r a t e  p rov id ing  the th ie lmess  of  the homogeneous  l a y e r s  h = T l / n  is 
s m a l l e r  than the th ickness  of  a homogeneous  l aye r  with Qn = M which would pass  a sigrtificant amount  of  the 
e n e r g y  of  an incident  wave at the h ighes t  f r equency  of the l inear  s p e c t r u m .  

3 .  C a l c u l a t i o n  o f  t h e  G r a d i e n t  o f  t h e  M i n i m i z i n g  

F u n c t i o n  

Effect ive  n u m e r i c a l  methods  of  so lv ing  op t imiza t ion  p r o b l e m s  r e q u i r e  a knowledge of the gradient  of the 
m i n i m i z i n g  function o r  a method for  ca lcu la t ing  this gradient .  In the p resen t  p rob lem with an a r b i t r a r y  number  
of  va r i ab le s  n, the m i n i m i z i n g  function cannot be ~Tit ten ana ly t ica l ly ;  however ,  its gradient  can be ca lcula ted  
exac t ly  by the method d e s c r i b e d  in [6]. 

As we pointed out, we make  use  of the complex  f o r m  of the r e l evan t  e x p r e s s i o n s  in o r d e r  to s i re -  
plify the i n t e rmed ia t e  t r a n s f o r m a t i o n s  which o c c u r  in the de r iva t ion  of the equat ions  for  the grad ien t  of  the 
goodness  c r i t e r ion .  Thus ,  in the fo rmula ted  d i s c r e t e  p rob l em (2.3), (1.3), (1.2), and (1.4) of  the op t imum cont ro l  
we can use  the expanded c r i t e r i o n  

o • 
Y = ' , ' .  ~ R e  ,;~ .; (I,') [ff (a i (k . -  l). Q,,, • - C s (k)l. (3.1) 

h = i  .~:=I 

w h e r e  ~o (Gj (k-  1), Qk, ~tj) a r e  the r igh t  s ides  of  (2.3); ~,~ OQ =~,J(k) -i;tJq(k) a r e  the complex  Lagrange  mul t i -  
p l i e r s .  It can be seen  that  the expanded c r i t e r i o n  (3.1.) is identi 'cal with the functional (1.4) when condit ion (2.3) 
is sa t i s f ied .  

We in t roduce  the complex - func t ion  s e r i e s  
.r 

H~ (k) = .~  k]' (k) q~ (G i (k - t) ,  Ok, • 
i = l  

so  that  the f i r s t  va r i a t ion  of  the functional  (3.1.) 

can be obtained in the form 

k -.: 1 . . . . .  n. (3.2) 

a j  . ]~,, ~ I ";' - i -  a : '  1 6 c ~ ( n ) - > . : ( . ) a c j ( , O - , -  /,~ /[.o/,~ (n) aqj (n)] 

" [ aJT, if,.) , ] } ,.2_~oj7,(;.) 
! - - . . . . - "~ l , "~-- , )  x~ (,{.:-- l) 66'j(}~.--1) 4 e,e )_ . ]~7 (~ ( ) , ,  

tt 

_., ,,% 6Q,~, (3.3) 
h = l 

if the complex  Lagrange  mul t ip l i e r s  a r e  chosen  to sa t i s fy  the condi t ions  

t.j (,7) - 07:0pj  (n) - -  iO'i,,Oqi (n), ] -= 1 . . . . .  s; (3.4) 

~ ]  (/,: - -  1) : - = ~ - t i z ( l , ' ) / a a ~ ( k  - -  I ) .  i - 1 . . . . .  .,., 1,' = n . . . . .  f .  

F r o m  (3.2) and (2.3) this  condit ion b e c o m e s  

,'-; ( / , ' - -  l) -i,',,; (,~').(1 + tg: 'l~')] i t  ~ ,:C,;(~')8,7: t.~ '!'i;j::, (3.5) 
j - t  . . . . .  .,,.. l,' ...z . . . . .  1. 

From (3.3) for the variation of the functional we get the equations for the components of the gradient ot 
the goodness criterion 

dJ/OQi , : :  ReOlf~. (/,')/#Q,, k =.. 1 . . . . .  /l. (3.6) 
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Rep lac ing  the c o m p l e x  funct ions  H), (k) in (3.6) by  the i r  e x p r e s s i o n s  in t e r m s  of the p r inc ipa l  v a r i a b l e s  
Gj ( k - 1 )  and the L a g r a n g e  m u l t i p l i e r s  X~ (k), we obta in  the final equat ions  for  ca l cu la t ing  the  componen t s  of the 
g rad ien t  of  the  c r i t e r i o n  f r o m  the known so lu t ions  of  the  s t r a i g h t  l ines  (1.3) and (2.3) and of  the d i s c r e t e  equa-  
t ions  i nve r se  to (3.4) and (3.5): 

k = i . . . . .  n. 

4 .  M i n i m i z a t i o n  A l g o r i t h m  a n d  R e s u l t s  

o f  t h e  C a l c u l a t i o n s  

We have c o n s i d e r e d  the m i n i m i z a t i o n  of  the funct ional  (1.4) for  the  c a s e  w h e r e  the  e n e r g y  of  the incident  
wave  is d i s t r ibu ted  u n i f o r m l y  o v e r  the  d i f fe ren t  f r e q u e n c i e s ,  i .e . ,  w h e r e  ej = 1 / s .  A p r e l i m i n a r y  ana lys i s  of  the 
r e f l e c t i o n  coef f ic ien t  (1.4) as  a funct ion o f  the con t ro l  p a r a m e t e r s  Qk (k = 1, . . . ,  n) showed that  t he re  w e r e  deep 
c h a s m s  in the  funct ional  which  m a k e  it diff icult  to find the o p t i m u m  solut ion.  Func t iona l s  with this  type  of  
" r e l i e f "  a r e  c h a r a c t e r i s t i c  of  syn thes i s  p r o b l e m s  in both  acous t i c  and opt ica l  mu l t i l aye r  med ia  [7]. 

In o r d e r  to find the o p t i m u m  solu t ion  we have used the t w o - s t e p  p r o c e d u r e  of  the ad]otnt  gradient  method 
[1, 2]~ s ince  the  s i m p l e s t  o n e - s t e p  a l g o r i t h m  of s t e e p e s t  descen t  shows only  s low c o n v e r g e n c e  when t h e r e  a r e  
c h a s m s  in the  m i n i m i z i n g  function.  The chosen  a l g o r i t h m  is 

Q,,,+I =: Q,,~ ~._ a,,p,,; 

..r(Q") a .... -~  
~n wm/~h Ph -- oQ~ ? k ~ I. , .  

0 , k ~ I , , j  

%,,: J (Q ' "+~ , , , p ' " ) : :  ,,,~,, j(Q'"--~.#"), 

a,~ m a x [ a :  o ~ Q I ,  Tapt~ ~ . . I .  k =  1 . . . . .  ; 

Z (,~J (r 
fi~ = '  _\" ( o s ( e  . . . .  ')/o%)"-' 

h ~  I m 

0 

,% - L ?  U z : ;  

['{k: Q~'=:(). OJ(Q'") /OQ, ,>o},  ,n==(to,  
I ;  = .i0 J (Q,.)/OQ h : :  0 for all k ~ I,,,. 

JILL, U Ik: Q~' = Ol in the remaining cases; 
m �9 , n  , -  , ) ( o r  Ilk: Q ~ = M .  O S ( Q ) O Q , . < , t ,  , ,  ..... 

I~  -- {0.1 (Q")/O@, 2 , 0  for all h" ~ [.,. 
[ I ~ - I  U {k : QI, = 3I} in the remaining eases. 

k -~- 0. 1,,, I,, _ i, 

k = 0 or I,,, _2- l,,,-l, 

By m e a n s  of  this  a l g o r i t h m  we have syn the s i zed  an o p t i m u m  l a y e r  with a r e d u c e d  th ickness  71 = 1 and an 
a b s o r p t i o n  coef f ic ien t  ~7 = 0.7. The con t ro l  funct ion which  c h a r a c t e r i z e s  the p r o p e r t i e s  of  the m a t e r i a l  was  
taken to be in the r e g i o n  0 _<Q(~-) _<10. I t  was  a s s u m e d  that  the abso rb ing  l aye r  was  bounded by  a m e d i u m  with 
z e r o  admi t t ance  (P0 = 0, q0 = 0) and was  ac ted  on by a plane p o l y c h r o m a t i c  wave with the f r equency  s p e c t r u m  

~i=i ,  ~<2=1.5, ~3=2, ~t=2.5. 

In order to carry out the iteration procedure for finding the optimum inhomogeneous layer we used an 
initial control corresponding to the optimum homogeneous layer. A large number of control parameters (n=50) 
was chosen, and this enabled us to find a solution (Fig. 1) which was close to the optimum solution for the con- 
tinuous problem. The energy reflection coefficient was found as Train = 0.080056825. The result confirms the 
relay nature of the optimum control which we mentioned in w 

If only a small number (n=5) of parameters is used, it is not possible to see the on/off nature of the op- 
timum control (Fig. 2). However, such an approach has the advantage that it requires a shorter calculation 
time, and it gives a satisfactory value of the minimal reflection coefficient (Train = 0.096415685). 
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DYNAMICS OF THIN FILMS 

IN A MAGNETIC FIELD 

V. M. Sorokin and G. V. Fedorovich UDC 534.28 

The osci l la t ions  of thin conducting f i lms placed in a magnet ic  field a r e  considered.  The effect 
of the field in different  d i rec t ions  on the effect ive e las t ic i ty  of the f i lm is desc r ibed  and d i spe r -  
sion re la t ions  a r e  obtained for longitudinal and t r a n s v e r s e  waves .  

It is well  known f r o m  the theory  of e las t ic i ty  [1] that  the p r o p e r t i e s  of s t r a in  waves in an [sotropic  m e -  
dium a r e  different  f r o m  those of waves  in thin f i lms .  For  example ,  waves which a r e  no rma l  to the plane of the 
f i lm exhibit  d i spers ion  and the phase  veloci ty  of longitudinal waves  is a l te red .  We might expect that new defor -  
mat ion modes will occur  in a conducting f i lm placed in a magnet ic  field and that the p rope r t i e s  of these  will dif-  
fer  f r o m  those of magne t ic - f i e ld  t r a n s p o r t  waves  owing to the deformat ions  in the th ree -d imens iona l  e las t ic  
conducting medium.  

Effects  r e l a t ed  to the p r e s e n c e  of an externa l  magnet ic  field should begin to appear  at much s m a l l e r  
field values  because  the c h a r a c t e r i s t i c  veloci ty  in a magnet ic  field i n c r e a s e s  as the thickness  of  the f i lm is 
reduced.  For  thin conducting f i lms it is poss ib le  by p rope r  choice of the p a r a m e t e r s  to get the magne toe las t i c  
ve loci ty  g r e a t e r  than the veloci ty  of sound; i .e . ,  the na ture  of the s t r a in  propagat ion  in the f i lm will be d e t e r -  
mined mainly  by the magnet ic  field. 

We shall  cons ider  the propagat ion of deformat ions  in a thin pe r fec t ly  conducting f i lm of thickness  d 
placed in an ex te rna l  homogeneous constant  magnet ic  field It. In o rde r  to get the equation for the deformat ion  
u, we make  use  of the equi l ibr ium equations for a thin e las t ic  f i lm [1]. We introduce a Car tes ian  s y s t e m  of 
coordinates  x, y,  z so that  the f i lm lies in the (x, y) plane and the externa l  magnet ic  field is in the (x, z) plane 
at an angle t~ to the x axis .  For  the d i sp lacement  u z we have 

[E~%Jl2(l --  ~)] A 2u. - -  P z  : 0. (1) 

For  the d i sp lacements  Ux and Uy we have 
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